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FOREWORD
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INTRODUCTION

The external design of most projectiles was established during and prior to World War
. Few configuration changes aimed at increasing the range of these projectiles have been
incorporated since that time. To achieve maximum range, the total drag. which includes
pressure drag, skin friction drag, and base drag must be minimized. In 1969 one of the
authors! devetoped an improved projectile shape by deriving an approximate minimum
total-drag projectile based on a large amount of experimental data. Although a number
of theoretical analyses has determined the shape of minimum drag bodies by considering the
pressure drag and in some cases skin friction drag also, none has included the base drag as
well. This report develops an analy tical method for theoretically predicting the projectile
shape which yields the minimum total drag for u fixed length, diameter, and sunersonic
Mach number (2 M = 0).

A review of the literature revealed extensive research on minimum or low drag shapes,
but only part of the total drag was minimized.  References 2 through 10 all deal with
bodies of low or minimum wave drag (pressure drag). OF particular interest is the body of
minimum wave drag developed by von Karman.® The pressure distribution was estimated
from skender bady theory, and then the wave-drag integrad was minimized by the caleulus
of variations. The resulting budy .slmpo is given hy the relution

"““** 4 8in 2

cwhereds con YL v, 'Stivcr\ am s‘pvnccr” caleulated the total mimnmm_-dt;m

. - characteristivs of four Bimlies of slender bodies at Mach numbers from 2 to 12, OF these
'  four families, they found that the Sears-Haueh profile provides the lowest totabdrag

- eoelficients at 2vro incidence. They did-not, however, consider proliles outside these four
Tamilies. Henie, tlwrv i 1o Feason (o believe that the bc.m-".a.uk lsud) is the opumum
sh.xpo

Cale® abo attempted 1 Bnd a-body of mininum wave drag by using the Newtonian:
Buemann theory Tor slender bakdies to estinkite the pressute distribution. " he body that
fits thew conditions is the .3,3.w\wr Law bawly which s described by

#R nnm‘*‘
e von Kartnan boddy fias a pointed aose whereas the 273 power law boidy s o sinal!

Blunted nose, I addition o neglecting sk Triction drayg .md buse-deag, both of tiesy
\luws were delugml (PN TT ak‘mlct !mcl) theoties.




Mielc® attempted to optimize the body shape by minimizing the sum of the pressure
drag and skin friction drag for slender bodies. As in previous cases, the body shape is simply
an ogive since base drag was not considered. However, in the Mach number range at which
many present and future projectiles travel (0.7 < M_ < 5.0), base drag is quite important
and represents a significant portion of the total drag. In the present report, approximate
yet reasonably accurate techniques are used to predict pressure, skin triction, and base drag.
Then the caleutus of variations is applied to determine the body shape which gives minimum
total drag when the length, diameter, and Mach number are held constant.

ANALYSIS

The Mach number region of interest here will be primarily 2 <M <6 This cosers
the mange of interest tor projectiles with minimum timwe of flight requirements such oo
those used for antisireralt applications, 11 also overlaps the Mach number range ot interest
for mast conventional projectides in use today, 0.5 < A/ < 3, Hence, some comparpon
cany be made between the theoretical shipe derived herein with the semivmgpinscal shape
derived in Refereice 1 ror Mach numbers in the Dw supersonic regime. Aboe, sinee it iy
been shown that the body of minimum drag for fixed fength and diameter’ bus o shghtly
blunted nose (hluntiess ratio oty /r, > 0.1), only blunt-nosed conigarations will by
considered, '

The approdch here s to use approximate analy tical technigues 1 caleulate the wave,
shin friction, and bise drag, Approximate techniques are necessary sinee the optimization

- provedure involves several sesations of body geometry, and aw ot more Pexact” numerict

technigues would ntake the cempatational tme and stosage prolubitive. On the other
hand; approsnimate lcdtmmm mll l\c mlup.sml with more exuct mctimds to determine
their .murac) :

DRAG

The total deag coelTivient for a body of revalution at 2ero angle of attack is

oy “'(,4," 3-'--;(* VR AL | :
Cp= 3;.[, .”\..\)_rlr(.\)l ORIy “§; .-~{:p” Ed,) o { ) 

Refe tring to Fggure 1V, C (\ns the prossure s.ucmuvm atong the \un.m G. is the fcan

skin frHctam mcﬂuicm..amlt. is the buse pressure coefTiciont (( m genently negative

©whieh mrakes the thind testn in Immnmuhpmmw The lindt. mm on the vght skle

of Equiation (1) is the wave o pressure deagt, - the secoml Wi is the shin Triction drag, and-

e




Figure | Ty plasl Bady tvometry

the thind term is the base drag. The problem s 1o detesmine the Budy shupe which mimimizes
Equation ¢ 1) subject tev the vonstainty o tived bewdy fength dhameter, and Mach namber,
To mmimize e total drag, methosbs i needed Toprediet C i €, ool e
Hunctions of bady shape aid Mach namber - Thdse methisds sre discussed brieily below,

Forebody und Afterbody Prosuie Covtficiont

e Forchody preosaire eocficwn s caleulated from th rditied New o prosie

distribution? o o o
e i ] S 2
taot o st ¢ . . , Y
wheve 4 18 the busly Mope
PV E Lan o S Ak




A and the stagnation pressure coefticient behind a normal shock wave is

1 .
(v = _?:.~ 7 + 1)41 —--l- 7 + l —)”—l— ! ,- (4;
oYM 2 REV ) L N | ' _

3 Lquation (2) is used to caleutate the pressure coefficient from the blunited nose up to the
point of maximum thickness where © = 0.0 Although Fquation € 2) gives ¢, =0utdv=0,
which 18 cot very accurate, the contribution of this part of the body (o the overall pros-
stre drag i sl because both poand € are small near the point of mastimum thickness,

o St

g Fhe pressure on the alterbe dy from the position of maximum thickness to tiw h.h I8
caleulated trom the Prandt-Mey er expansian

_t-}[!' . \l* ‘ o 5
Ju ’u' | : :

s

T A TS

Care must be eneremed 1o restrict the negative sdope on the afterbody to vadues fess than
Cabout XY L~ or el the Tow wall separate ind Equation CG3sall not be valid. b=

i approsinite pressuie distebution gen by Fquations 1 21 and 139 will be vompared
with “evact” mviserd numerical resubts trom the me ol of Solomon, ¢l altt o

Skiug Friction Drag

/ o T L He hownadarn h'\c: will generaliy be turbailent sver aboyt pereent ol the pruhélji{
Vo S Imd\ for danne waliber projectites. Sinee the Tannnar flow reght is isually loss than 10 A
©pereent of the Wl surlace area, 1wl be assamed the sitire houndagy I,;)cf " tuthuicm

Urder s assuitpicn e total o fn a1 shin lmlum uwlhuwl. (. .uumimg 1o Van T
Driestt may e nbl.u ol from o

Bt !
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and

FLT )H (7)
m ' .

and 1 forwr is 0760 Fquation 163 wssumes a fully developed turbulent boundary Layer with
oo pressure gradient and Pvandtl number equal to one. :

In order to sobve Fyaation (63 1or the mean skin facton coetlicient C, L one must have
vadues tor P 7O Ry cand 300 The reestiean Rey noids number i simphy
p b\

R F e ’ . ’ :
AN W, o 1Y

Ctovelate £ F o e freestream Mach number, assanie the wall s adigbatic, Deliming a
~ trbulent recoveny Licior R oy ' '

R 1  _\ : o
R r(.;.‘é EUR AP
oy | S

AL _‘}11':‘5,1.1!5

B

* thien

featai, ol

3.
P

4 %

U
IR well Keawst that e Fecovery Tadton satkes as tie cube foot ot the Prandth sumber for -
- tasbulent thw s that: o 5 _ 7
L3

RN G

Revail that Vin Deiest’s setdod asaisiics o Praimdtl aimber of ity 100008 vilue wese wad,
iven K woubd alve B¢ ity . However, the actial valie of £ 2 073 v that the previous

assepplion of Prasdil namber vie can Be compensated for witiewhat by the above woovety

factor which fod P= 0,73 would By 0900 Lhus Fquation (9) beconies

’; A, =14 49 7‘1 ,ll;:_ RE) l__l

-




o pressare given by the curve of Figure 2,

Then, for o given set of freestream conditions (4 . p_ . p_ . F_ ) one can combine Equations
(Syand (11) with {0) to solve tor Cr - The cquation must be solved numerically however.
since €, cannot be solved for explicitly. A procedure adaptable to equations of this type

is the well-known Newton-Raphson method.

Once the mean skin friction coetficient has been determined for a given set of freestream
conditions, the viscous drag coeflicient is simply

Su (12)
S"

The wetted arca. S, is the total surface arca of the body (excluding the base) which can

be integrated numerically given a set of body coordinates.

Base Drag -

Much theoretical work has been performed to predict base pressure.'* There is still no
satisfuctory theory available, however, and the standard practice has been to use empirical
methods. This is the approach tuken here, Figure 2 s a4 mean curve of experimental data
taken from Reference 12, This data assumes a long cylindrical atterbody with a tully
developed turbtlent boundary layer ahead of the buse. There could be deviations from this
curve due to fow body tineness ratio, boattails, angle of attaek, Revnolds number, and
sturface temperature. Fach of these effects are discussed in Reference 12,

Fhe base pressure is significantly altered by the presence of o boattail so that this
change must be accountad tor. Probably the most simple method to do this is an empirical
equation given by Stoney.t?
dy
. ]

P Pnyd,

and thus

s 2 AL '
L 11 . 1 N
. ¢ - _‘(0 _{Q = , _,Q “&)
- Dy P \d, "ra \d,
Fawition (13) can be used throughout the entire Mach number range where ¢, e is the buse

b
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OPTIMIZATION METHOD

The optimal shape for a fixed length, diameter, and Mach number is determined by
compuiting the minimum-drag body for a sequence of values of the forebody length L,
(refer to Figure 1), Then, the body shape corresponding to the value of ¢, which gives
minimum total drag is the optimal shape. Hence, two distinet optimization problems must
be considered: the forebody and the afterbody problems.

Forebody

A very efficient method is described below for computing the optimal forebody shape.
The algorithm is based on Lagrange duality theory for convex control problems developed
by Hager and Mitler.'® By solving an initial value problem, the optimal dual multiplier is
computed. The optimal shape is determined using a minimum principle,

A common procedure for solving con\'trdh_w«.l' variational problumis is the following:
Aw iterative inethod s sed to approxiniate the solutionts) of the Fuler inequality associated
with the variational problem. Fypieat algorithms invoive Newton's method or 4 shooting
method to solve a two-point boundary value problew. These methods, however, are
*subject to numerical instabilitics and the initial iteration must be chosen close to the optmml
shipe Tor convergenee.

The present algorithn s far bedter than the iterative approaches sinee it is essentially
direct  noiterations or initial gucsses are involved and the scheme is completely stable,

- The computational procedure is deseribed elow.,

“Fhe torebody optimization problem is

L '- : ' O rY'(y) : : -
minimize C VTG o
, RS IV I KO LA u-m_—-}-—— dx (s
o f LY 7 SR EYSTY SRR
swhigct o~ 0y = 0, k) = R

ro 2 0 forall xef0. ¢,

_,erc Rund ¢, are the gm 0 Tadins and fength of the forebody, The constraint-r’ (v) 2 0
is imposed singe 1Y s pondecteasing on the forebady, Although we constrain r(0) = 0, a
© blunt nese shape ain e aéhieved as the limit of o wequenee of shapes s.mmmg rn0) = 0. )
7 The blunt nese shape couhd also be treated by ulding un additional deag werin to th: extremand -
'.xhu\ ¢ That correspiends tothe eadins of the nose and removiang the constraint r(0) = U
howevet Nw .m.nlg.ws i c.Ner using the. umuul.mnu ol'l: qn.nlmnt!ﬁla'mve o




Make a change of variables and express the variational problem in terms of the inde-
pendent variable, o =2, and the dependent variable, g(p) = /7. Omitting the algebra,
Equation (15) is equivalent to

K2 ¢
minimize f ¢ VER)T +1 + P ap (l6)

0 g(p)? +1
R2
g(p)
subject to j —=do= 2,
b VP !

g =20 for p=220

I g(p) solves Hquation (16), then the corresponding shape r(x) is found by integrating the
“ollowing initial value problem

r = 1girx)?)
sy =, (17
where #, is the radius of bluntness for the nose.
As shown in Reterence 16, two different tyjws of forebody shapes can oceur depend-

ing on the raiios ¢ i i, and € /d Thie optimal shape consists of o blunt nose foliowed
by a smoulh mmwumc pmhlv wlwlwvc

%:t}.w-‘t'_,w)*“ - >R (18)

1 this m@quahl) i vie l.ned llw op(mml shipe consists ¢ 4 spllw lullmwd loy i cone with
slop gwc n by :

- - ) ) 7<. ‘

o tor malcslw ﬂtglu condizions, the skin frictioa coetticient, €, is much smaller than the
- 'sl.um.umn prv:%\nrc mclm lent, ( hcmx inegrality (18)is s.m.slr.d and the nose is blunt,

The algorithm Tor computing the bunt nose solution vl Lquiacion (10018 now deserilwed,
Define the l‘nlluwim. functioas '

9.




Mo =C JTFRE
Hey)y = (. e A
kY _/w\/ Y l‘*“L’: ‘lk))

and

'
Hig. )= iiggy+ = 20

The function, I, is related to the integrand of the Lagrangian ot Equation (16) given by

R? R
f higtph + )‘”} dp J e, N dp
0 73 A

a

By the minimum principle.t® it ¢*(p)is un optitmal solution to Eguation (106), there exists a
scalar A such that

WX /E V) = min{llg.\/p/N): g > O

for almost every 0S5 p < R*, Henee, after computing the optimat dual mitHtiplior
Aog* o)y the vidue of g 3 0 that minintizes Hg.\/p N

Let G620 he the value of ¢ 3 0 that minimizes 1.2, Analy zing the structure of the
lumunn hegd. it can be shown that there exists a critical value, 7 = Sypesuch that Gy =0
for 2 Kz, and G(2) > 0 for = > 2,1 this critical value is given by

o= e M
where ¢ s the unigue positive root of the equation

u",,u-&cj,- b 4Gt a0 Coan

Also, it cun lvc show " lhat mc %lupc of thc nose at v = 0 is l/J = =1 .md the :dopc .nprpromhcs
45 us O 1 G, [ ,

"lx'l'nf!_ and w,y satisty the differential cquations

SWHIIR G whin e A4,
S R 023y
Wl‘,;n’_x—“ : Wallgi= :{:u\"”d'

Nistice PR €2, 0 w3, baind i 2 00, GE2 ) approachies the left side of inequality (18).

10
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Thus by inequality (18), wy(2) > w)(2) for = sufficiently large. there exists 2 such that
w3 = w,(2) It can be shown that the optimal dual multiplier is X = r; /2 and the nose
bluntiess is r, = Az, Hence, the solution to Equation (16) is ¢*(r) = G(r/N), and the
optimal shape 7*(x) is given by Equation (17),

Afterbody

In addition to pressure drag and skin friction drag, the afterbody also has base drag.
Equation (83 wust be integrated to obtain the pressure drag, and the base drag is given by
Fauation (13). The afterbody drag coefficient to be minimized thus becomes

. 8 (V]2 P )
Cp :"i‘l"; j - - 1] g+ O THgTY dx
AR iy vy, 7{,”:2 P, o
( "," ‘r(k')"
MR (24)
8}
\
subject to VAR S TTEY
¢t oty ' { (25)

b Py pen Mip)?

AV ) = s g
PV TR
_ .
The initiol conditions are at the beginning of the afterbody where
A=A e
gk, =0 - T n
myyEp | ‘ i TR

The vaviable s glivy = r"('u is o be Chosen to mimmise the deag coetlicicu! Egaation
(2 implies the body slopeat the beginming o) the alterbody is 2cro. Now the slope at the
end of the forebody is generally nonzero, thenefore, there can be a slope discontinuity at
Vo, Bauation €280 gives the beginnimg prossure as p 00, = O3 which is convistent wath
moditied Newtonian theors - The Mach aumber on the surface is related 1o thie sl
prossivee by the sentropie relation ' v o

) e ) ' _
y L+ [\p | ) . _ .

i




where the stagnation pressure is given by
_ Y o
Po =D, [: M Gy ¥ (30)
In Equation (25) the independent variable for p'(x) was changed from ¢ in Equation
t5) to x by use of the geometric relation

dv_ u(x) 31
7AS 1+ gv)?

As used v control theory terminology. the function # above is the control variable and
the functions r. ¢. and p are the state variables.

The Fuler approximation is used to replace the integral and derivatives in Equation
(24) by the following diseretization

- co .
minimize O L)y Y L ae 132
W\ d, et
~ subject to Wl s e v PO )
BONG | |
S R I : gEXY
i L | o
7fcl, R (l.'vn;ﬁ%p,-
Vw'h';rc 1P gt ™| ane |ppm\|mmmns o {rx, th\' INLEMT L(r.q P denotes lhc ,
“integrand in | quation £ 34), and the vector function Hr 4. P u) denotes the. riah! side
of the differential equations | in l quu{imn S . :
lhc quImn ol qn.ukm (3 23 was mmpulcd by the mcllwd of slwpcsl dx seent.,
'Dclmc _ _
Bt et Ny E L R e e &1
“and fet L\ denote the wauense of dual multiplics vectons gisen by
R A A Y ; Ha"w v a”. Ny - (X5
i ” : o . ) -
4y




where v (') is the solution of the difference Equation (32) for given {#” }. Starting with
an initial guess to the optimal control. the control is incremented by the rule

= Ul — €AY 5.2.'; (HG"  u™ XD (36)

N:IIM‘\N )
For the argument of # in Equation (36), v is determined by the ditference Equation (32)
and X' is determined by Equation (35) for given u{)y,. The parameter € > 0 is chosen
small enough to reduce the drag for the new discrete control approximation. For the
budies studied in this report. € = 40 gave the most rapid convergence in the discrete control.

RESULTS AND DISCUSSION

COMPARISON OF PRESSURE PREDICTION METHODS

To test the acenracy o the methods used to culeulate the pressure drag, Bguations (2)
and (5) are compared with numerical results from the method of Solomon, et al.'*
Figures 3. 4. and § compi :¢ the pressure d»mhuunm over the ongmul nose boultml body
pwn by the squ.mun

pellSedy W /IR 0svs 7S 3N

forM_ =23 und 8, reapectively. The forebody pressure wis computed by two methods:
(u) lqnatmn (3) and 1) the modified Newtonian-Busemann pressure Jistribution which
“includes |hc curvature effect, * These three Ngures show that Iquatioo\ () predicts the
forebody pfcssuw reaonably well, and Fquation (§) gives pressurcs reasonably close to -
the Fexuct” solution on the afterbody, Actually the caleudated drag s quite good because
the pressure is teo hipgh near the masimum thickness and 100 low near the buse.’ Thexe
twa etlects introduee partially compensating erron. 1n all three tigures, the curvature effect
: ulm e the: Pressure too Jow, Iucm v, this mc(lmd wii not usul in mc uplu.ni/utinu process,

‘ _om\m SH »m
For nwd values of \ o and M. minimam drag hml) dmpc\ weRe wlcuhlcd for fore. - B

undy lcngu\s urt K =08, 006, 07 0.5, and 0.9, -Then the uplimum value of c N(for

a given Uil and c" Vis the value corresponding to the minimumy. Hgom 6 T.amd s

- how the ellect nf ¢ von 0 mr Gl values of 4, §, and 6, respectively. Fach figure.
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gives the results for M, = 2, 3.4 and 5., Note that cach curve indicates that the value of -

(,,\ corresponding {0 micinum € is not sh.npl\ defined. In fact, Figuie 9 shows that for

d = 5, & /¢ which gives minimum (1, varies almést hncdrly with M, and that A‘(f/Q ~ 1 0.05

onl), nmc.ms the nnnnmnn_(’ hv about ] percent. “Also. Figure 10 illustrates the effect of
Aon Gy for M =3 and O/d = L6, and 7., “A Cross plot of this figure is shown in

l igure ) I wh.uh depicts the optmml Q /(’ as varying almost’ lm sarly with €/d and a range og.'

uk’!,'& +0.05 only 1mr\‘.1§cs CDmi" b) .1[)0;_1[ 1 pelunt. ' o

The Optlm 1l shape for Al =3 and ¢d = 5is xllustmlcd in Figure 1’ Tim shape is
E -7 7 dose to that found by Moore! using \cnnunpnvml techniques. The Iorcbod» has a value
. co Cof €,/€=0.7 and the buse diameter ratio sd, fd = 0.7. From considerations’ of the' internal -
o bal!mm of prujectiles, the value of £ s luml\d to about 0.65 to 0.7 unless forward-
. o Tom untcd sitbots are used lm ldumhmg the projectile. However, as §hown in Figures V' \md
S T even thouuh the pomt oi maximum diamefer may not he at the optlmum lownom
on!v i@ xma]l dmg pcnalry is pdld fora+ \-pu reent variation in L /Q from. the optlmum

_ M,un 1 3 shn\u the variaiion of ( n thh M for ¢d = 4,5, and 6. T-_i'lc '-urvc desig- ‘

' : o ed C L, dsthe dmi_ coeflicient for the Optlmdl shape at each M, and &/d. Hence the

; ' Y \Im tm ( Vs di fferent forcach M and U/d. T - dashed curves give “the variation of
with M_“o Tor a fixed value ot ¢ V/Q 0.7. This figure illustrates that L’f,/k’ = (.7 gives

nv;.n;l_v minimum drag for £/d = 5 and 6 over the range 2 <M <5,

CONCLUSIONS AND RECOMMENDATIONS

3 I Lo A numerical method has been developed for caleulating the optimal projectile shape
' - which produccs minimum totul drag.

2. The optimal shape lengu with €/ and Mach number. For ¥/d = § u nose length of
: f, [¢= 0.7 gives nearly the optimum shape over the range of 2 <Mw <5,

3. A variation ip nose length ot‘AQf/.Q- ~ 1 (0,08 results in only about a -percent increase
in total drag.

. 4. The optimum shapes have a base dismeter of about 0.7 times the maximum diameter.

It is recommended tnat a similar optimization e performed iur subsonic and transonic
Macn numbers, '

6. While it is believed the optimum body shape derived from the approximate theory is

.4 ’ reasonably accurate, should an exact theory be used for the pressure prediction instead
1 ) of the approximate theory, the aubsolute value of the drag coefficient may be in sub-

; ' stantial error, particularly at the tow supersonic Mach numbers. For this reason, it is

1 believed the expenditure involved in using an exagt theory such as that of Solomon!?

E ' to repeat the present work is justiticd, This effort will be started in FY 77 at
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APPENDIX A

GLOSSARY




functions defined by Equation (23)

distance along body axis of symmetry

parameter used in Equation (20)

critical value of = given by Equation (21)

positive root of Equation (22)

ratio of specific heats (1.4 for air)

angle along body surfuce 0 = tan — 1 (dr/dx)

dual multiplier

coefficient of absolute viscosity

air density also p = r? in forebody optimization preblem

(SRR I 4
-
=
~
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GLOSSARY

constants defined after Equation (6)

drag coefficient

afterbody drag coefficient

forcbody drag coefTicient

mean skin friction coefficient

pressure coeflicient. ¢, = p-p_[%p, V2
base pressure coefficient

-base pressure coefficient on a conm.ur.mun with a cylindrical afterbody and

turbulent tlow at the base

stagnation pressure coeflicient

base diameter _
reference diameter fmaximum cross scumn of bodv)
i

optimal solution

value of g which minimizes g, 2)

~ function defined by Equation (19

fumtinn defined by Equation ("0) ulm 'y chffcmu function h; lqurnmn (4

length of configuration
forchody length
focal Mach number -

" Treestream Mach number -

vaﬂablc defined hy lqimlicm 17) .

| pressur

slagnation pressure

- Prandtl humber
T freesiteam pressure

m.nximum radius of body = 12

. ftwsmm Reynokds number
_ turblent recovery factor
~ radius along body ; .
: bhmled nose radius at tip or foncbody

M’mnw am = x dfd ' -

- wellwd surface atea of body
‘wall temperatare -
- freestream ten.perature
~ frovstrean welocity

Al
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